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Abstract

In the work we apply the Z-transform to the recurrence of Cauchy convolution type,
satisfied by several arithmetic functions, to obtain its solution in terms of the complete
Bell polynomials. One of the most important arithmetic function used here is oy (n),
the function that sum all positive divisors of n. Our main result can be applied to find
a closed formula for the number of k-colored partitions, sum of triangular numbers and
more.

Keywords: Z—transforms, k—colored partitions, Arithmetic functions, Recurrence
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1 Introduction and Background

In this paper, our basic aim is to obtain recurrence relations with the structure of a
Cauchy convolution! as follows.

nfr(n —k:Zg Vfxin—17), kE>1, n>0 (1.1)

More detailed information about the Cauchy convolution can be found in [44].
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where f;(0) =1V k and g(0) = 0. In Section 2 we show that the Z—transform as used
n [11, 9, 14], allows to obtain the following solution of the recurrence (1.1) in terms of
the complete Bell polynomials (as defined in [13, 12, 8, 16, 17, 18, 41, 42]):

fuln) = %Bn (O!kg(l), 1kg(2), 2kg(3), ..., (n — 1)!kg(n)>. (1.2)

In order to do this we recall some concepts. Still in Section 2, we show some results
associated to colored integer partitions and compositions®. A partition of an integer n
is an unordered collection of integers (A1, Ag, ..., As) such that Ay + Xy + ...+ \; = n.
We agree that \; < Ay < ... < A, and each )\; is called a part of the partition. A k—
colored partition of n is an integer partition of n in which each part receives one color
of k available colors. We denote by px(n) the number of k— colored integer partitions
of n. For example py(4) = 20, and these partitions are: 4,4, 3+ 1,3+ 1,3+ 1, 3+ 1,
242,242,242 24+14+1,241+1,24+14+1,24+1+1,2414+1,24+1+1,
1+1+14+1,14+1+141,14+1+14+1, 1+1+14+1and1+1+14+1.

The generating function for the sequence (pg(n)) is given by the next infinite prod-
uct.

(e o]

z;pk( H 1_q

where p;(0) = 1.
The generating function for the number of partitions of n whose parts are distinct
is given by:

S pom)e" = [+ ),

where pp(n) denotes the number of this class of partitions for a positive integer n.

A composition of an integer n is a partition in which the order of the parts matters.
For example the compositions of n = 3 are: (1,1,1), (2,1), (1,2) and 3. We denote the
set of compositions of n by C,,. The number of compositions of n is 27!

The exponential Bell partition polynomial, as defined in chapter 11 of Charalam-
bides [7], is given by the sum

n!
Bu(x1,29,...,2,) = ahrghe L gkn
' o o k1+2k2—;|—nkn_n kl(l')k1k2l(2')k2 e kn'(n')kn b "

k; >0

Zsee [22, 23, 1, 5, 6]

ReviSeM, Year 2024, N°. 3, 25-3/ 26



Bulnes, Kim, Bonilla and Alegri

The generating function for the exponential Bell partition polynomial is

;Bn<xla R wz'n)m = eXp <;$3ﬁ> :

One our most important result is to show how to find closed formulas for the number of
k-colored partitions, the number of representations of n as a sum of squares and further,
using Bell polynomials. In order to to this, the sigma function, has great importance
for our purposes. For a complex number j, the arithmetical function o; is defined by:

oi(n) = Zdj.

dn

In the next section we will obtain the next result ([1]) as a particularly case:

pr(n) = K Z o1(wy)or(ws) -+ o1 (w)

w w .« o e w
=1 (W1,eeesw1 ) ECH 12 :

for n > 0.

2 Main result and applications

We start this section with our main result.

Theorem 2.1. If F(z) and G(z) are the Z-transforms of the sequences
{fx(0), fr(1), fx(2),...} and {0,kg(1),...}, respectively, then
1
filn) = = B, (0lkg(1), 11kg(2), 2lkg(3). ..., (n — 1)lkg(n) ).

Proof. Since

fe(1) | fi(2) kg(1) | kg(2)

F(z):1+7+7+--~, G(z) = . + = + e (2.1)
then (1.1) gives the differential equation:
d G(2)F(z)
—F=—-— 2.2
7 R (2.2)
and integrating both sides of (2.2), we have:
kg(1 kg(2 kg(3
i) - R ko) ko) | 0

z 222 323 ’
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that is:

= ka(n)z—i = exp (Z k%(])glj) . (24)

On the other hand, we have the generating function of the complete Bell polynomials:

=1 1 1z, 1
nz:% ﬁBn T1, Ty Tp) —n = €XP (Z F;> (2.5)

whose comparison with (2.4) implies (1.2).
[

The equation (1.2) shows that fx(n) is a polynomial in the variable k& of degree n:

fe(n) = g(n,n)k" + g(n,n — DK™ ' 4+ - + g(n,2)k* + g(n, )k = Zg(n,j)kj. (2.6)

j=1
From (2.4):
- w o NF () 9(2) 5 9(3) s ’
ka(n)u _ZF( 1 u+ 2 u” + 3 us A+ ) (27)
n=0 7=0
s0, it is not difficult to see that (2.6) and (2.7) imply the interesting expression:
L1 gw)--gw) .
= — =1,2, ... 2.8
9(n, j) i > oy AT LB (2.8)

for the coefficients of the polynomial (2.6) in terms of the set C,, of compositions of n
and the corresponding values g (w,); hence from (1.2), (2.6) and (2.8):

" nl . 4
B, <O!kg(1), 1kg(2), 2'kg(3),. ... (n — 1)!kg(n)> =Y ey g(w)- g (w;)
— j! . Wy -+ W
J= (w1,...,w;)ECn
(2.9)
For example, this property (2.9) with £ = 1 and g(m) = m gives an identity for the
Lah numbers [15, 10, 4, 24, 19, 20, 25]:

B,(11,21,3!,...,n) :Zj (?:i) ZL (2.10)

J=1
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We know the following recurrence relations [26, 27, 21, 28, 29, 3, 37, 32] with the
structure (1.1):

npr(n) = k‘Zcrl J)pe(n—7), (2.11)

nrg(n) = k‘z D(j)ri(n—j), D(j) = Z é, (2.12)

nty(n) = kZT Y(n—j4), T()=> (-1)*d, (2.13)
dlj

where o7 is the sum of divisors function, [44, 2, 31, 40, 43], ri(n), and tx(n) are the
number of representations of n as a sum of squares and as a sum of triangular numbers,
respectively [3, 46, 30, 35]. Then from (1.2), (2.6) and (2.8):

1 o1 (wy) -+ - o1 (wj
pk(n) = mBn <0'k01(1>a 1'k0_1(2) <n 1 'k’01 ) Z Z) 1< o.ljz .. U)i( j)’
W1 yeeny Wy ECn
(2.14)

ra(n) = ; B, (2k;D(1) _4kD(2),12kD(3). ..., 2(~ 1) 'nlkD(n))
B Z )= JQJ , | (2.15)

tk(n):%Bn<0!kT(1),1!/{:T(2),...,(n—1)!k:T(n)>:Zk_j 3 T (wn) T wy)

wl---wj

(2.16)
thus, this polynomial (2.14) recently obtained by Alegri [1] is a particular case of our
general results.

For an additional application, Robbins [38, 39] deduced the recurrence relation:

npp(n ZO’O Jop(n—13), oo(n Zd Z dlZ, (2.17)

odd d|n dn

where pp(n) is the number of partitions of n using only distinct parts, and op(n) is
sum of the odd positive divisors of n. From ((1.2)), with k£ = 1, we get:

po(n) = %Bn (0!(;@(1), loo(2), 2l00(3), ..., (n — 1)!U@(n)>. (2.18)
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Remark 2.2. We know the identity Bn(()!,ll,?!, ooy (n— 1)!) = n , then (2.9) with
k = g(m) =1 gives a property satisfied by the set of compositions of n :

Z" 1 Z 1
1 7 . w1 wj
J= (w1 ..... OJJ)EC”

Remark 2.3. The Bell numbers (see [45, 33, 34] ) can be written in the form B(n) =
B,(1,1,...,1), thus (2.9) with £ =1 and g(m) = m implies an alternative manner
to define these numbers:

1 1
B =n! g — g _ 2.20
(n> " ] CLJl!CUQ!"'w]'! ( )

Using the definition of the complete Bell polynomials we can state the next identity.
Corollary 2.4. For n > 0, and z; = (i — 1)!koy (i), 1 <i < n, we have

B(n)(x1, e, ..., x,)
n!

kk1+k2+~~-+kn(gl(1))kl(01(2))k2 - (Ul(n))k"
2. (21)k2—ks (3 ks—ka .. ((n — 1) Ykn—1—Fn (pl)bnfy Vol - - - k!

= pr(n)

k14+2ko+...+nkp=n

ks>

3 Conclusion

Just as finding formulas for colored partitions using the Bell polynomial was possible,
a reasonable question is whether there is a way to find a formula for the number of
other classes of partitions different from those explored here. An example is plane
partitions (sequence A000219 on Oeis[36]), whose generating function for the number
of such partitions is given by the following product:

= 1

where ¢ € C, |q| < 1.
We believe that results involving Bell polynomials and many others can be obtained
by interested mathematicians as done here.
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